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Gravitational waves in terms of electric-
like and magnetic-like tensor fields

In GR, writing the metric as a perturbation to
flat space-time gives g,, = 1,y + hy,,. For
weak gravitational fields the only propagating
degrees of freedom 1n linearized GR are the
transverse-traceless spatial perturbations h!;
where 0; hTT = 0 and n‘fhl-TjT = 0.[1]
A gravito- electric tensor field and a gravito-
magnetic tensor field can be defined
respectively as [2]

Eij = athTT and B;j = elklﬁkh (1)

These fields are analogous to E = —atA and
B=VxAin electromagnetism (EM).

e @

/ S X 2

X

FIGURE 1: A test particle in an EM field (left)
versus a gravitational field (right). Equations of

motion are a' = %(Ei + eijkvak) for EM

ij o

. : 1
and a' = U]Eij + Zvjvk(gijkBlk + Zgilelf)
for GR.

The Isaacson Power Flux Formula

The Isaacson power flux formula describes the
intensity of gravitational waves in GR as

1 ' 2
e = = ( (R} @)
where k = 8rG /c*. [3] Using (1), we can write
(2)as I, = L(Ez) Note that (Ez) EU 0>

where E;  1s the tensor amplitude ot a
smuscldal field. Therefore, (2) becomes

[ = _El]O (3)
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analogous to Igp = " EO in EM, where £ 1s

electric field amplitude.

Quantizing the Gravitational Wave
Perturbation

The classical field can be promoted to a
quantum operator as

where L, = \/ Gh/c3 is the Planck length, V is
the mode volume, Kk 1s the wave vector, and ¢ .
are the two transverse-traceless (TT)
polarization tensors of a gravitational wave.
Also, b and bT are graviton annihilation and
creation operators, respectively. [4, 5]

The classical energy of gravitational waves 1s amplitude dependent, while the quantum energy of gravitons is frequency dependent.
Applying the Bohr Correspondence Principle (BCP) to the case of gravity predicts that the classical and quantum theories should COI 210018100 | l y
be consistent in the limit of large quantum numbers (1.€. numerous gravitons). A formal treatment 1s shown using linearized General C
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Relativity (GR) and assuming the quantization of the gravitational field. Furthermore, using quantized gravito-electric and gravito-
magnetic tensor fields, we obtain a canonical quantization of the gravitational field and an associated uncertainty principle.
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Quantizing Gravitational Wave Tensor Fields Isaacson Power from Quantized Linear Gravity Quantizing gravitational wave tensor fields
| | | | ; o2 . . . loctric ik
Using (1) and (4) leads to quantized fields given To find the energy density, we use (5) and (6) and take the From the qu.ant.ized perturbation in hneeirlze d GR, we obtained quantized electric-like
. ~o Ax B _ and magnetic-like tensor fields for gravitational waves.
respectively as modulus squared, Ef; = Ej;E", to obtain
4r th i(icr-yt) -, AKxhc’? Canonical Quantization of the Graviton Field
. T-0y h . (5) 2 Knc T 21(kr a)kt . . . . . .
( 1)= lzk:;\/ [ Cyp ke " C] £y = % Zwk [2N +1-bibe +h. C] (8) The Lagrangian for gravitational waves 1n linearzed GR was used to obtain a
and and canonical momentum that is the conjugate to the quantized perturbation. This leads to
ZZ \/ e [ Ay ] Bz 4xh o [2 N, +1+57h e rad 4 C] (9) a quantized Hamiltonian density and an uncertainty relation for the graviton field.
: 1 zlm . € 4 he. (6) V .C.
k p=l v ) Isaacson power from quantized linear gravity

where N 1s graviton number. Combining (8) and (9) gives

The classical expression for gravitational wave intensity was formally obtained from
B2 262 16KhC
(Ugr) = Ef; + ¢“Bf; =

>k Wk (Nk ) (10) the quantized perturbation field in the limit of large graviton number. This is a
demonstration of the Bohr Correspondence Principle applied to gravitational waves.

These newly defined fields are analogous to the
quantized EM fields, E and B fields.

analogous to (U, ) = ggE? + — B2 —Zk Wiy (Nk + i) [8].

Canonical Quantization of the Graviton Field Ho Relating classical and quantum field amplitudes
Gravitational intensity, I, = c{u), i therefore , . e .
. . L. . The classical amplitude of gravitational waves and the quantum amplitude of the field
Lagrangian density for the gravitational field 1s [3] 1 g 1 . . .. . .
[ = = = Z L W ( N, + ) operators are related by the graviton number 1n the limit of numerous gravitons. This
L = 1662 (E 2 — CZBZ 8'“ provides another manifestation of the Bohr Correspondence Principle in the context of
| o This matches (3), hence the Isaacson power flux 1s the sum quantum gravity.
The canonical momentum tensor density 1s found as over graviton modes. For large graviton number, we obtain a
ij_ oL 1 continuous spectrum which demonstrates the BCP.
P = kT T ek ) N
Lo = 5 B = ez | (Noo +3) w*dos

Using p/ =V 'pY, promoting to a quantum operator and
applying (5) leads to

b= 2 e b ehe] )
pP=

The associated Hamiltonian density operator 1s
A 1 A A : o iy
H = (E]2 + czB,.Jz.) FIGURE 3: Visualization of E;; and B;; oscillations for a
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s linearized gravitational wave. The smooth waveform emerges

The operators 1n (4) and (7) satisfy the followin . o . .
petar ( .) (7) Y WIS from the continuum limit of quantized graviton modes.
commutation relations.
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A j ko ﬁ*;(],] = [fz*ffk Pk,] = = Ok ks Relating Classical and Quantum Field Amplitudes
The generalized uncertainty principle 1s given by Applying (10) to a single classical mode leads to

EZo = c?BY, =8c2c =2 (11)

The mode pre-factors for the quantum fields in (4) — (6) are
~ A 4Gh
Eijo = cBijo =\/ o (12)
Using (11) and (12), and taking the limit of large graviton
number (so that V = V) leads to

Eij,O — 4\/NEU»O and Bij,O — 4\/N§ij,0

(% (|4, E]))Z < (g)z, where A and B are canonical

conjugate operators. [ 7] From this we obtain
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Classical fields M Classical intensity

promoted to CLASSICAL obtained from sum
GRAVITY .
quantum operators of graviton modes
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FIGURE 5: Visualization of key relationships connecting classical gravitational
These relations between classical and quantum amplitudes are waves to quantum gravitons in a model of the BCP applied to gravity
further demonstrations of the BCP.
FIGURE 4: A localized gravitcn wave
quantum modes, E;; j and B;: j- For large
N, graviton wave packets add
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